STRICT p-NEGATIVE TYPE OF A METRIC SPACE 



HANFENG LI ^ AND ANTHONY WESTON ' 



Abstract. Doust and Weston [8] have introduced a new method called en- 
hanced negative type for calculating a non-trivial lower bound PT on the supre- 
mal strict p-negative type of any given finite metric tree (T,d). In the context 
of finite metric trees any such lower bound pj- > 1 is deemed to be non-trivial. 
In this paper we refine the technique of enhanced negative type and show how 
it may be applied more generally to any finite metric space (X, d) that is known 
to have strict p-negative type for some p > 0. This allows us to significantly 
improve the lower bounds on the supremal strict p-negative type of finite met- 
ric trees that were given in Corollary 5.5] and, moreover, leads in to one of 
our main results: The supremal p-negative type of a finite metric space cannot 
be strict. By way of application we are then able to exhibit large classes of 
finite metric spaces (such as finite isometric subspaces of Hadamard manifolds) 
that must have strict p-negative type for some p > 1. We also show that if a 
metric space (finite or otherwise) has p-negative type for some p > 0, then it 
must have strict q-negative type for all q G [0,p). This generalizes Schoenberg 
| 27l Theorem 2] and leads to a complete classification of the intervals on which 
a metric space may have strict p-negative type. 



1. Introduction and Synopsis 

The study of positive definite kernels and the related notion of p-negative type 
metrics dates back to the early 1900s with some antecedents in the 1800s. A major 
theme that emerged was the search for metric characterizations of subsets of Hilbert 
space up to isometry. Significant initial results on this classical embedding problem 
were obtained by Cayley [B], Menger [HHHHS] and Schoenberg [HHTlllHl- We 
note in particular [551 Theorem 1]: A metric space is isometric to a subset of 
Hilbert space if and only if it has 2-negative type. This result was spectacularly 
generalized to the category of normed spaces by BretagnoUe et al. Theorem 2] : A 
real normed space is linearly isometric to a subspace of some Lp-space (1 < p < 2) 
if and only if it has p-negative type. It remains a prominent question to give a 
complete generalization of this result to the setting of non-commutative Lp-spaces. 
See, for example, Junge [l5j. 

More recently, difficult questions concerning p-negative type metrics have fig- 
ured prominently in theoretical computer science. A prime example is the re- 
cently refuted Goemans-Linial conjecture: Every metric space of 1-negative type 
bi-Lipschitz embeds into some Li-space. Although this conjecture clearly holds for 
normed spaces by O Theorem 2] (with p = 1), it is not true for arbitrary metric 
spaces. This was shown by Khot and Vishnoi [18]. Subsequently, Lee and Naor [19] 
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have shown that there is no metric version of 5., Theorem 2] (modulo bi-Lipschitz 
embeddings) for any p e [1,2). More precisely, we have |19| Theorem 1.2]: For 
each p S [1,2) there is a metric space {X^d) of p-negative type which does not 
bi-Lipschitz embed into any Lp-space. 

The related notion of strict p-negative type has been studied rather less well 
than its classical counterpart and most known results deal with the case p = 1. 
The present work is motivated by functional analytic questions that arise naturally 
from the papers of Hjorth et al. [T31[T3]. Both T3] and T4j focus on examples 
and properties of finite metric spaces of strict 1-negative type. One theme of these 
papers is to determine global geometric properties of finite metric spaces of strict 
1-negative type. As an example we mention |141 Theorem 3.9]: If a finite metric 
space is of strict 1-negative type, then it has a unique oo-extender. It is also natural 
to ask for conditions on a finite metric space which will guarantee that it has strict 
1-negative type. One such result is [TH Theorem 5.2]: If a finite metric space is 
hypermetric and regular, then it is of strict 1-negative type. 

The theme of this paper is to determine basic properties of strict p-negative 
metrics for all p > 0. In particular, we aim to move beyond the familiar case p = 1, 
thereby setting up the rudiments of a basic theory of strict p-negative type metrics. 

Section 2 is dedicated to a review of the salient features of generalized roundness, 
negative type, and strict negative type. In Definition 12.71 we recall the notion of 
the (normalized) p-negative type gap of a metric space {X, d) . This parameter 
was recently introduced by Doust and Weston [U [9] in order to obtain non-trivial 
lower bounds on the maximal p-negative of finite metric trees. Basic properties of 
F^ will play a vital role in our computations in Section 3. 

The observation is made in 8 , Theorem 5.2] that if the p-negative type gap F^ 
of a finite metric space {X, d) is positive for some p > 0, then (X, d) must have 
strict q-negative type on some interval of the form [p,p + C) where ^ > 0. However, 
the authors only provide an explicit value for C in the case p = 1. Letting n = \X\, 
the value of C given in this case is 0{l/n^). (See [51 Theorem 5.1].) The purpose of 
Section 3 is to give a precise quantitative version of \El Theorem 5.2] which yields 
significantly improved values of C for all p > 0. In fact, for each p > 0, our value 
of C is 0(1). The precise statement of this result is given in Theorem 13.31 By 
way of application. Theorem 13.31 leads to significantly improved lower bounds on 
the maximal p-negative type of finite metric trees. These are given in Corollary 
13.41 Then in Remark 13.51 we point out that the estimates given in Corollarv l3.4l are 
reasonably sharp for finite metric trees that resemble stars. This suggests there is 
little room for improvement in the statement of Theorem 13.31 (in general) . 

In Section 4 we use Theorem 13.31 and an elementary compactness argument to 
derive a key result of this paper: The supremal p-negative type of a finite metric 
space cannot be strict. This is done in Corollary 14. 31 to Theorem 14. II Using known 
results we are then able to exhibit large classes of finite metric spaces, all of which 
must have strict p- negative type for some p > 1. For example, any finite isometric 
subspace of a Hadamard manifold must have strict p- negative type for some p > 1. 
We collate an array of such examples in Corollary 14. 51 

The main results of Section 5 are Theorems 15.41 15.51 and 15.81 These theorems 
generalize [271 Theorem 2]. For example, in Theorem 15.41 we show that if a metric 
space (finite or otherwise) has p-negative type for some p > 0, then it must have 
strict q- negative type for all q G [0,p). This allows us to precisely codify the 
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types of intervals on which a metric space may have strict p-negative type. It 
is interesting to note that finite metric spaces behave quite differently to infinite 
metric spaces in this respect. These differences are highlighted in Theorems 15 . 51 and 
15.81 Understanding how strict negative type behaves on intervals leads to further 
examples of metric spaces that have non-trivial strict p-negative type. We then 
conclude the paper with the observation in Remark 15.131 that Theorems 13.31 14.11 
and l5.4l (as well as several of our corollaries) actually hold more generally for finite 
semi-metric spaces. This is because we do not use the triangle inequality at any 
point in our definitions or proofs. 

Throughout this paper the set of natural numbers N is taken to consist of all 
positive integers and sums indexed over the empty set are always taken to be zero. 
Given a real number a;, we are using [a:J to denote the largest integer that does not 
exceed and \x~\ to denote the smallest integer which is not less than x. 

2. A FRAMEWORK FOR ORDINARY AND STRICT p-NEGATIVE TYPE 

We begin by recalling some theoretical features of (strict) p-negative type and 
its relationship to (strict) generalized roundness. More detailed accounts may be 
found in the work of Benyamini and Lindenstrauss [3j , Deza and Laurent [7] , Pras- 
sidis and Weston and Wells and Williams [53] ■ These works emphasize the 
interplay between the classical p- negative type inequalities and isometric, Lipschitz 
or uniform embeddings. They also indicate applications to more contemporary ar- 
eas of interest such as theoretical computer science. One of the most important 
results for our purposes is the equivalence of (strict) p-negative type and (strict) 
generalized roundness p. These equivalences are described in Theorem 12.51 

Definition 2.1. Let p > and let {X, d) be a metric space. Then: 

(a) {X,d) has p-negative type if and only if for all natural numbers k > 2, all 
finite subsets {xi, . . . , Xk} Q X, and all choices of real numbers 771, . . . , ryfc 
with ?7i + • • • + T^fc = 0, we have: 



(b) {X, d) has strict p-negative type if and only if it has p-negative type and the 
associated inequalities ([IJ are all strict except in the trivial case (771, ...,77^) 



Remark 2.2. Every metric space obviously has strict 0-negative type. It is also the 
case that every finite metric space has strict p-negative type for some p > 0. This 
follows from Weston [30l Theorem 4.3], Theorem 12.51 (a) and Theorem 15.41 

It is possible to reformulate both ordinary and strict p-negative type in terms of 
an invariant known as generalized roundness from the uniform theory of Banach 
spaces. Generalized roundness was introduced by Enflo [llj in order to solve (in 
the negative) Smirnov's Problem: Is every separable metric space uniformly home- 
omorphic to a subset of Hilbert space? The analog of this problem for coarse 
embeddings was later raised by Gromov [12] and solved negatively by Dranishnikov 
et al. [To]. Prior to introducing generalized roundness in Definition [23] (a) we shall 
develop some intermediate technical notions in order to streamline the exposition 
in the remainder of this paper. 




(1) 



l<i,j<k 



(0,...,0). 
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Definition 2.3. Let s,i be arbitrary natural numbers and let X be any set. 

(a) An (s,t)-simplex in X is an (s + t)-vector (ai, . . . , Oj, 5i, . . . , 64) G X*^"* 
consisting of s + t pairwise distinct coordinates ai, . . . , a^, 61, . . . , 64 G X . 
Such a simplex will be denoted by D = [aj] &i]s,t- 

(b) A load vector for an (s, <)-simplex D = [uj; bi\s^t in X is an arbitrary vector 
uj = {mi, . . . nis, ni, . . . , rit) G R^^* that assigns a positive weight rrij > 
OT Hi > to each vertex aj or hi of Z?, respectively. 

(c) A loaded {s,t)- simplex in X consists of an (s, t)-simplex D — [aj;bi]s_t in 
X together with a load vector uj — {mi, . . . , rris, ni, . . . , rit) for D. Such a 
loaded simplex will be denoted by D{uj) or [aj{mj);bi{ni)]s.t as the need 
arises. 

(d) A normalized {s, t)-simplex in X is a loaded {s, t)-simplex D{lS) in X whose 
load vector uj = {mi, . . . , ms, ni, . . . , nt) satisfies the two normalizations: 

mi + ■ • • + ms = 1 = ni + ■ • • nt- 

Such a vector Co will be called a normalized load vector for D. 

Rather than giving the original definition of generalized roundness p from , we 
shall present an equivalent reformulation in Definition l2.4l fa') that is due to Lennard 
et al. [20] and Weston [30|. 

Definition 2.4. Let p > and let {X, d) be a metric space. Then: 

(a) {X,d) has generalized roundness p if and only if for all s,t G N and all 
normalized (s, i)-simplices D{lo) = [aj{mj);bi{ni)]s_t in X we have: 

X! '^ji'f^j2d{aj,,aj^f + ^ n^^n^^d{b,^,h^Y 

s,t 

- mjnid{aj,bi)P. (2) 

(b) {X, d) has strict generalized roundness p if and only if it has generalized 
roundness p and the associated inequalities ([2|) are all strict. 

Two key aspects of generalized roundness for the purposes of this paper are the 
following equivalences. 

Theorem 2.5 ([20], [8]). Let p > and let {X,d) be a metric space. Then: 

(a) {X, d) has p-negative type if and only if it has generalized roundness p. 

(b) {X, d) has strict p-negative type if and only if it has strict generalized round- 
ness p. 

Based on Definition l2.4l fa) and Theorcm l2.5l wc introduce two numerical parameters 
7^(0;) and that are designed to quantify the degree of strictness of the non- 
trivial p-negative type inequalities. 

Definition 2.6. Let p > and let {X,d) be a metric space. Let s,t be natural 
numbers and D — [aj;bi\g^t be an (s, t)-simplex in X. Denote by Ns^t the set 
of all normalized load vectors uj = {mi, . . . , mg, ni, . . . , nt) C K!^"^* for D. Then 
the (normalized) p-negative type simplex gap of D is defined to be the function 
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Id 



: iVc f ^ M where 



s,t 

J, 1=1 l<jl<j2<S 



E 

l<n<i2<t 



for each w = (mi, . . . , TOs, ni, . . . ,nt) G -/V^^i. 

Notice that 7^(w) takes the difference between the right side and the left side of 
the inequahty So, by Theorem 12. 51 {X, d) has strict p-negative type if and only 
if 7^(iJ) > for each normalized (s, t)-simplex D(uj) in X. 

Definition 2.7. Let p > 0. Let {X,d) be a metric space with p-negative type. 
We define the (normalized) p-negative type gap of {X,d) to be the non-negative 
quantity 

= inf 7^((^) 

Diuj) 

where the infimmn is taken over all normalized (s, i)-simplices D{lo) in X . 

Recall that a finite metric tree is a finite connected graph that has no cycles, 
endowed with an edge weighted path metric. Hjorth et al. |14j have shown that 
finite metric trees have strict 1-negative type. Therefore it makes sense to try 
to compute the 1-negative type gap of any given finite metric tree. Indeed, a 
very succinct formula was derived in 8, Corollary 4.13]. However, a modicum of 
additional notation is necessary before stating this result. The set of all edges in 
a metric tree (T, d), considered as unordered pairs, will be denoted E(T), and the 
metric length d{x,y) of any given edge e — {x,y) G E{T) will be denoted |e|. 

Theorem 2.8 (Doust and Weston [8]). Let {T,d) be a finite metric tree. Then the 
(normalized) 1-negative type gap T — of (T, d) is given by the following formula: 

In particular, F > 0. 

In the remaining sections of this paper we shall show how the notions, equivalences 
and results of this section may be used to infer some basic properties of metrics of 
strict p-negative metrics for general values of p > 0. 

3. A QUANTITATIVE LOWER BOUND ON SUPREMAL STRICT p-NEGATIVE TYPE 

The observation is made in [51 Theorem 5.2] that if the p-negative type gap F^ 
of a finite metric space {X, d) is positive for some p > 0, then {X, d) must have 
strict (/-negative type on some interval of the form [p,p-f C) where ^ > 0. However, 
the authors only provide an explicit value for ( in the case p = 1. Letting n — \X\, 
the value of ( given in this case is 0(l/n^). (See [51 Theorem 5.1].) The purpose 
of the present section is to give a precise quantitative version of [HI Theorem 5.2] 
which yields significantly improved values of ^ for all p > 0. In fact, for each p > 0, 
our value of ^ is 0(1). The precise statement of this result is given in Theorem (331 
As an application we obtain significantly improved lower bounds on the maximal 
p-negative type of finite metric trees. These are stated in Corollarv 13.41 Then in 
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Remark 13.51 we point out that the estimates given in Corollary [33] are actually close 
to best possible for finite metric trees that resemble stars. This suggests there is 
little room for improvement in the statement of Theorem 13.31 the main result of 
this section. 

The proof of Theorem 13.31 is facilitated by the following two technical lemmas 
which are easily realized using basic calculus or by simple combinatorial arguments. 
The proofs of these lemmas are therefore omitted. 

Lemma 3.1. Let s G N. If s real variables > are subject to the 

constraint £i + ■ ■ ■ + £g — 1, then the expression 



has maximum value ■ — -^(1 — -j) which is attained when £i 

Lemma 3.2. Let s,t E N and let m ^ s + t. Then 



2 V sj 2\ tj - 2 VLf J Tf 1. 

Moreover, the function ^{m) = 1 — ^ (x^T ^ T^) ''^'''"^'^'^^'^ strictly as m increases. 

We will continue to use the notation j{m) = 1 ^ 5 • (LtJ ^ ^ ^) introduced 
in the preceding lemma throughout the remainder of this section as it allows the 
efficient statement and succinct proof of certain key formulas such as Theorem l3.3l 
The following basic notions are also relevant to the proof of Theorem 13.31 Let 
{X, d) be a metric space. If y) = \ for all x ^ then d is called the discrete 
metric on X. The metric diameter of {X,d) is given by the quantity diamX = 
swp{d{x^y)\x,y G X}. Provided \X\ < 00, the scaled metric diameter of {X,d) is 
given by the ratio Tlx = (diamX)/ min{(i(x, y)|a; ^ y}. 

Theorem 3.3. Let d) be a finite metric space with cardinality n = \X\ > 3 
and let p > 0. If the p-negative type gap of {X,d) is positive, then {X,d) has 
q-negative type for all q G [p,p + C] where 



c 



Inl 1 ■ 



(diamX)P-7(n) 



InSx 

Moreover, {X,d) has strict q-negative type for all g G [p,p + C)- particular, p + C 
provides a lower bound on the supremal (strict) q-negative type of {X,d). 

Proof. For notational ease we set F = F^ and 2D = Dx throughout this proof. We 
may assume that the metric d is not a positive multiple of the discrete metric on 
X. Otherwise, {X,d) would have strict g-negative type for all g > 0. Hence J) > 1. 

Since scaling the metric by a positive constant has no effect on whether the 
space has p-negative type, we may assume that min{(i(a;, 7^ y} = 1. This 
means that S) is now the diameter of our rescaled metric space (which we will 
continue to denote by (X, d)). Moreover, for all £ = d{x,y) ^ and all C > 0, we 
have £P+i ~ £p < - This is because, for any fixed C > 0, the function 

f{x) = — x^ is increasing on the interval [1, 00). This inequality will be used 
in the derivation of ([5]) below. 
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Consider an arbitrary normalized (s, i)-simplex D ~ [aj{mj);bi{ni)]s^t in X. 
Necessarily, m = s + t < n. For any given r > 0, let 



= Y, ''^ji''^j2d{aji,aj2Y + ^ ni^nt^d{bi^,bi2Y , and 

jl<j2 il<i2 



By definition of the p-negative type gap T we have 

L{p) + T<R{p). (3) 

The strategy of the proof is to argue that 

L{p + C) < L{p) + r and R{p) < R{p + () (4) 

provided C > is sufficiently small. If so, then L{p + C) < R{p + C) by ([3]) and ([4]). 
In other words, {X,d) has strict {p + C)-negative type under these circumstances. 
Now, as all non-zero distances in (X, d) are at least one, we automatically obtain 
the second inequality of ^ for all C > 0. Therefore we only need to concentrate 
on the first inequality of First of all, notice that 



+ Y n^,n,,{dih„b,,Y^'^ - d{b,,,b,,Y) 

il<i2 

< ( J2 '^31 + E ) ■ i^'^^ - ®'') 

\jl<'j2 ii<i2 / 



= 7(m) • {DP+'^ ~ DP) 

< 7(n) • (5) 
by applying Lemmas 13. II and 13.21 Now observe that: 



j{n)-{DP+'^ -DP)<T iff C< ^ ^. (6) 

By combining (O and ©, we obtain the first inequality of ^ for all ^ > such 
that 

C < Co - - 



In 2) 

Hence L{p + (^) < R{p + Q for any such It is also clear from ^ and ^ that 
L{Co) ^ ^(Co)- These observations and descaling the metric (if necessary) complete 
the proof of the theorem. □ 
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Recall that the ordinary path metric on a finite tree T assigns length one to each 
edge in the tree (with all other distances determined geodesically). With this in 
mind, we see that Theorem 13.31 provides a significant improvement of the estimate 
given in [8, Corollary 5.5]. 

Corollary 3.4. Let T be a finite tree on n = |r| > 3 vertices that is endowed with 
the ordinary path metric d. Let J) denote the metric diameter of the resulting finite 
metric tree {T,d). Let px denote the maximal p-negative type of (T^d). Then: 

Proof. By Theorem 12. 8[ r}p — Now apply Theorem 13.31 with p — I. □ 

Remark 3.5. The lower bound on pT given in the statement of CoroUarv 13.41 is 
basically of the correct order of magnitude when 'S — 2. To see this, first of all 
notice that if n > 2 is even and !D = 2, then ((?]) in CoroUarv 13.41 simplifies to give: 

PT>l + iln(l + ^- r I /in 2 I. 

However, if T denotes a star with n — 1 leaves (endowed with the ordinary path 
metric), then [8l Theorem 5.6] gives the exact value: 

p. = l + {ln(l + -l^)/ln2}. 

4. SUPREMAL p-NEGATIVE TYPE OF A FINITE METRIC SPACE CANNOT BE STRICT 

If the p-negative type gap of a metric space {X, d) is positive then {X, d) 
clearly has strict p-negative type. It is interesting to ask to what extent — if 
any — the converse of this statement is true. Our next result points out that the 
converse statement is always true in the case of finite metric spaces. By way of a 
notable contrast, [SI Theorem 5.7] shows that there exist infinite metric trees {X, d) 
of strict 1-negative type with 1-negative type gap T]^ = 0. 

Theorem 4.1. Let p > and let (X^d) be a finite metric space. Then {X,d) has 
strict p-negative type if and only */r^ > 0. 

Proof. Let p > be given. We need only concern ourselves with the forward 
implication of the theorem since the converse is clear from the definitions. 

Assume that {X, d) is a finite metric space with strict p-negative type. By 
Theorem 12.51 7^(0;) > for each normalized (s, t)-simplex D{lo) C X. Referring 
back to Definitions l2.3l and l2.6l we further note that we may assume that each such 
p-negative type simplex gap 7^ is defined on the compact set Ns.t C M*"*"* and is 
positive at each point of Ns,t- Therefore 



min|7^(ti;)|cjG7Vs,t|>0 

for each (s, i)-simplex D in X. But as \X\ < 00 the number of distinct (s,t)- 
simplexes D that can be formed from X must be finite. Thus the p-negative type 
gap is seen to be the minimum of finitely many positive quantities. As such we 
obtain the desired result: > 0. □ 
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Corollary 4.2. Let p > and let {X,d) be a finite metric space. If {X,d) has 
strict p-negative type, then (X, d) must have strict q-negative type for some interval 
of values q G [p,p + C), C > 0. 

Proof By Theorem iH T = > 0. Now apply Theorem E31 □ 

As an immediate consequence of Coroharv 14.21 we obtain one of the main results of 
this paper. 

Corollary 4.3. The supremal p-negative type of a finite metric space cannot be 
strict. 

Moreover, since p-negative type holds on closed intervals, we therefore obtain an 
interesting case of equality in the classical negative type inequalities as a direct 
consequence of Corollarv 14.31 

Corollary 4.4. Let {X, d) be a finite metric space. Let p denote the supremal 
p-negative type of {X,d). // p < oo then there exists a normalized {s,t)-simplex 
D(lo) = [aj{mj)]bi{ni)]s^t in X such that 7|^(cD) = 0. In other words, we obtain: 

X! '^ji'f^32d{aj,,aj^y' + ^ n^^n^^d{b,^,b^.,)^ 

i<jl<j2<s l<ii<i2<t 
s,t 

= ^ nijnid{aj,biY . 

Corollary 4.5. The following finite metric spaces all have strict q-negative type 
for some interval of values q G [1, 1 + C) (where C > depends upon the particular 
space): 

(a) Any three-point metric space. 

(b) Any finite metric tree. 

(c) Any finite isometric subspace of a k-sphere §^ ( endowed with the usual 
geodesic metric ) that contains at most one pair of antipodal points. 

(d) Any finite isometric subspace of the hyperbolic space (orW^). 

(e) Any finite isometric subspace of a Hadamard manifold. 

Proof. All of the above finite metric spaces have strict p-negative type for p = 1 by 
results given in [13' and [14j . We may therefore apply Corollarv 14. 21 en masse. □ 

5. Range of strict p-negative type 

It is a classical result of Schoenberg [271 Theorem 2] that p-negative type holds 
on closed intervals. More precisely, the set of all values of p for which a given metric 
space (X, d) has p-negative type is always an interval of the form [0, p] or [0, oo). 
Included here is the possibility that p = 0, in which case the interval degenerates 
to {0}. Examples of Enflo [IT] in tandem with Theorem 12. 51 (a) imply that all such 
intervals (degenerate or otherwise) can occur. Moreover, for intervals of the form 
[0, p] with p > 0, the examples given in [TTl Section 1] are finite metric spaces. In 
the case of the degenerate interval {0} the situation is slightly more delicate. It 
follows from [11] Theorem 2.1] and Theorem 12.51 (a) that the Banach space C[0, 1] 
does not have p-negative type for any p > 0. In Theorems 15.41 15.51 and 15.81 we 
provide strict versions of [571 Theorem 2]. These theorems allow us to precisely 
codify the types of intervals on which a metric space may have strict p-negative 
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type. It is interesting to note that finite metric spaces behave quite differently to 
infinite metric spaces in this respect. Theorems 15.51 and 15.81 highlight this point. 

In order to proceed we must first briefly recall some basic facts about kernels 
of positive type and kernels conditionally of negative type. (In some important 
respects we are following Nowak 24, Sections 2-4].) 

Definition 5.1. Let X be a topological space. 

(a) A kernel of positive type on X is a continuous function $ : X x X — > C 
such that for any n £ N, any elements xi, . . . ,Xn G X, and any complex 
numbers rji, . . . ,r]n we have: 

^{xt,Xj)r]irJJ >0. 

l<i,j<n 

(b) A kernel conditionally of negative type on X is a continuous function "J* : 
X X X ^ R with the following three properties: 

(1) -^{x^x) = for all xeX, 

(2) ^/{x, y) = x) for aU x,y € X, and 

(3) for any n G N, any xi, . . . , x„ € X, and any real numbers ?7i, . . . , 
with rji + ■ ■ ■ + rjn = we have: 

^{xi,Xj)i]i'qj <0. 

l<i,j<n 

The following fundamental relationship between kernels of positive type and kernels 
conditionally of negative type was given by Schoenberg [5S]. For a short proof of 
this theorem we refer the reader to Bekka et al. [TJ Theorem C.3.2]. 

Theorem 5.2 (Schoenberg [IH]). Let X be a topological space and 'i' : X x X ^M. 

be a continuous kernel on X such that ^{x,x) = and 'i!(x,y) = 'i!(y,x) for all 
x,y £ X . Then 5* is conditionally of negative type if and only if the kernel $ = e~** 
is of positive type for every t > 0. 

Our proof of Theorem 15.41 makes use of the following identity. An explanation of 
this identity may be found in the proof of Corollary 3.2.10 in Berg et al. [^. 

Lemma 5.3. For each a G (0, 1) there exists a constant Cq > such that 

oo 

x'^ =Co, J{1- e-*^)i-"-Mt 



for all X > 0. 

Theorem 5.4. Let {X,d) be a metric space. If{X,d) has p- negative type for some 
p > 0, then it must have strict q-negative type for all q such that < q < p- 

Proof. Every metric space has strict 0-negative type. So we may assume that 
q > 0. Since {X, d) has p-negative type, the function 5" : X x X — + M defined by 
^(a;,y) = d{x,yy is conditionally of negative type. Hence, by Theorem 15. 2[ the 
function e~** : X x X ^ C is of positive type for every t > 0. 

Let xi, . . . ,Xn (n > 2) be distinct points in X and let 771, . . . , 77„ be real numbers, 
not all zero, such that J2j Vj — 0- We need to show that j d{xi,Xj)'^riirij < 0. 

For each t > 0, set 

/(<) = ^(l-e-*''(-"-^-)')77,r;,. 

id 
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Then 



fit) 



id i,j 



ViVj 



for all t > 0. When t oo, one has f{t) - J2j v] < 0. Thus f{t) < for all t 
sufhciently large. Set a ~ q/p. By applying Lemma [5.31 to x = d(xi,XjY, one gets 



As an immediate consequence of Corollarv l4.31 Theorem l5.4[ [501 Theorem 4.3] and 
the examples given in '11' Section 1] we obtain the following theorem. 

Theorem 5.5. Let {X,d) he a finite metric space. The set of all values of p for 
which {X,d) has strict p-negative type is always an interval of the form [0, p), with 
p > 0, or [0, oo). Moreover, all such intervals can occur. 

By way of marked contrast with Theorem 15. 51 we note that (a) the set of all values 
of p for which the Banach space C[0, 1] has strict p-negative type is the degenerate 
interval {0} (this follows from [11] Theorem 2.1] and Theorem 12. 5p . and (b) the 
supremal p-negative type of an infinite metric space may or may not be strict. For 
example, in [HI Theorem 5.7] the authors construct an infinite metric tree that has 
strict p-negative type if and only if p £ [0, 1]. However, the Banach space ii has 
strict p-negative type if and only if p G [0, 1). Our next theorem points out that for 
each p > there is an infinite metric space (X, d) that has strict p-negative type if 
and only if p G [0, p]. The following definition introduces the relevant spaces. 

Definition 5.6. Let p > 0. Let (p^) be a strictly decreasing sequence of real 
numbers that converges to p. Let n be a natural number that satisfies the condition: 



Let Y be the union of a sequence of pairwise disjoint sets (Yi, 12, ilj, ■ • ■) such that 
Yfe| = rt for all fc G N. Let Z be the union of a sequence of pairwise disjoint sets 
(Zi, Z2, Z3, . . .) such that \Zk\ = n for all fc G N and F n Z = 0. Set X = Y U Z. 
We metrize X in the following way: 



if y G Yfe and z E Zk for some fc G N. All other non-zero distances in the space are 
taken to be one. We call {X, d) an Enflo p-space. 

Notice that in Definition 15.61 the condition placed on n ensures that {X, d) really 
is a metric space. Moreover, from the examples noted in [TTJ Section 1], together 
with Theorem 12.51 (a) , it follows that each subspace Yfe U Zk of an Enflo p-space 




as desired. 



□ 
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{X,d) has maximal p- negative type exactly equal to pk- In order to proceed we 
need to develop a slightly stronger statement about certain subspaces of {X, d) . 

Lemma 5.7. Let p > 0. Let {X,d) be an Enflo p-space as in Definition \5.(h For 
each m G N, the subspace Xm — Ui^fc ^ Zk\l < k < to} of {X,d) has pm-negative 
type. Ln fact, pm is the maximal p-negative type of the subspace Xm- 

Proof. Let Z? be a given normalized simplex in X^,. Without loss of generality, we 
may assume that D = [ykjiakj), Zk,jif3k,j);yk,]hk,j), Zkjivkj)], where yk,j,yk,j S 
Yfc and Zk.j, Zkj E Zk- In other words, our simplex has the points yk,j, Zkj on one 
side and the remaining points yk,j, ^fcj on the other side (with weights as indicated). 

Let L{pm) and R{pm) denote the left side and right side of ^ computed relative 
to the simplex D with exponent pm (respectively). By setting ak — J2j '^k.j, Pk = 
Hj f^k,j,"fk = J2j lk,j and ?7fe = Vk.j we may then compute L{pm) and R{pm)- 



L{pm) = ^{akPk + 7fcf?fc)| ( 1 - - 



k 



Pm/Pk 



-1+1 



E fE <3 + E + E + E ' (8) 



while 



2 

i j 3 3 



(9) 



If we let Sfc denote the number of points j in Yj, and let denote the number 
of points ?/fej- in Yfc, then it follows that we have: 

Q^fc J + X 7fc J > 1- -p 



Similarly, 

As a result, comparing the expressions ([5]) and ([5]), we see that it will follow that 
i(pm) R{pm) provided that we can establish the following non-linear inequality: 

^|(Q!fe/3fc + 7fc?7fc) - (akVk + 7fc/3fc)| I (^^ ^ ~^ 



k 
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We claim that (jlOp holds term by term. That is to say, 



< 



iknk) - 
HI 



(ukrik + lk(ik, 



1 



(11) 



for each k. In fact, for each fc. 



1 - 



-1 



< 



< 



max(Q;fe/9fc 4 
1 -^l+Pl 



Ik^lk^OLkTIk 



■JkPk)-- 



As pT|) implies (|10p we conclude that L{p,n) < R{pm)- Thus has maximal 
p- negative type at least p„i. However the subspace Y„i U Z„i of Xm has maximal 
p- negative type pm by [TlJ Section 1] and Theorem l2.5l (a). We conclude that the 
maximal p-negative type of X,n is pm ■ D 



Theorem 5.8. Let p > 0. Let {X,d) be an Enflo p-space as in Definition \ 5.6[ 
Then {X, d) has strict p-negative type if and only if p (z [0, p] . 

Proof. For each k the subspace Yk U Zk of {X,d) has maximal p-negative type pk- 
And since \ p as /c — > oo it follows that (X, d) does not have p-negative type 
for any p > p. 

However, each subspace Xm = Ym U Z„i of (X, d) has pm-negative type by 
Lemma [5.71 By Theorem 15.41 Xm has strict p-negative type for all p G [0, p,„). 
Thus {X, d) has strict p-negative type for all p £ [0, p] as asserted. □ 

We conclude this paper with some final applications of Theorem 15.41 Recall that 
the maximal g-negative type of certain classical (quasi-) Banach spaces has been 
computed explicitly. For example, suppose < p < 2 and that is a non-trivial 
positive measure, then the maximal ^-negative type of ip(/i) is simply p. A short 
proof of this result, which is due to Schoenberg [28] for 1 < p < 2, may be found in 
pni Corollary 2.6 (a)]. Theorem 15.41 therefore applies as follows. 

Corollary 5.9. Let < p < 2 and let /i be a positive measure. Then any metric 
space {X,d) which is isometric to a subset of Lp{pL) must have strict q-negative type 
for all q G [0,p). 

Corollary 14.41 and Theorem 15.41 combine to provide the following characterization 
of the supremal p-negative type of a finite metric space in terms of zeros of the 
simplex gap functions j"^. 

Corollary 5.10. // the supremal p-negative type p of a finite metric space {X, d) 
is finite, then: 

p ~ min{g \ q > and 7|)(t3) = for some normalized (s,t)-simplex D{uj) C A"}. 

In certain instances Theorem 15.41 provides a second description of the maximal 
p-negative type of a metric space. 

Corollary 5.11. Let p > 0. If a metric space {X,d) has p-negative type but not 
strict p-negative type, then p is the maximal p-negative type of {X,d). 
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It follows from Kelly [HI [TTj that any /c-sphere S*^ endowed with the usual geodesic 
metric is ^i-embeddable and therefore of 1-negative type. On the other hand, 
Hjorth et al. [TJl Theorem 9.1] have shown that a finite isometric subspace {X,d) 
of a fc-sphere S*^ is of strict 1-negative type if and only if X contains at most one pair 
of antipodal points. These comments and CoroUarv 15.111 implv the next corollary. 

Corollary 5.12. A finite isometric subspace {X,d) of a k-sphere S'" has maximal 
p-negative type ^ 1 if and only if X contains at least two pairs of antipodal points. 

Recall, following Blumenthal 4 , that a semi-metric space is required to satisfy all 
of the axioms of a metric space except (possibly) the triangle inequality. 

Remark 5.13. In closing we note that Theorems 13 . 3[ HTT] and hold (more gener- 
ally) for all finite semi- metric spaces {X,d). The same goes for Corollaries 14.21 
I4.4i l5.10l and l5.lT] This is because the triangle inequality has played no role in any 
of the definitions or computations of this paper. 
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